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Abstract

We present a new sketch-based product form exploration technique that works from images and sketches of existing products.
At the heart of our approach, is a multi-stroke curve beautification method and a curve-based image deformation algorithm. The
proposed approach converts groups of strokes into piecewise clothoid curves in order to produce visually pleasing shapes. The
deformation diffusion algorithm then spatially distributes the user specified deformations through out the image to produce smooth
transformations from the original image to the resulting image. We demonstrate the technique on a variety of images including
photo-realistic images, real product images, and sketches.

Keywords: sketching; product design; aesthetics; curve design; image editing

1. Introduction

Image editing tools are becoming increasingly more ubiq-
uitous with the wide availability of a variety of photo editing
software [1]. However, such tools remain difficult to mas-
ter due to the complex nature of their user interaction meth-
ods and the parameters that need to be controlled to achieve
the desired effects. While many projects no doubt require ad-
vanced skills, experience, and appropriate task planning, even
relatively simple modifications become difficult to implement
with such tools. As a result, the manipulation and exploration
of shape ideas using existing visual references remain a signifi-
cant challenge in product design, forcing designers to generate
a new sketch or a visual for each of their new ideas.

In this paper, we propose a new sketch-based method for
the rapid exploration of new product forms from existing im-
ages and sketches. The proposed method enables the sketch
input to control image deformations in which the visual at-
tributes contained in the original image or sketch are preserved.
By allowing image modifications to be made through simple
sketched strokes, it reduces the effort required in manipulating
high fidelity images and sketches. Moreover, it advances exist-
ing image editing methods which use fixed deformation masks,
pick/drag type curve-based deformations, or area-based defor-
mation lattices.

At the heart of our approach is an aesthetic curve construc-
tion method that works from multiple strokes, followed by a de-
formation field calculated by a diffusion algorithm. To achieve
the desired visual properties, we use the previously identi-
fied forms of aesthetic curves, specifically piecewise clothoid
curves. Figure 1 shows the usage of our system. Shape varia-
tions can be intuitively and fluidly explored on different kinds of

images including photo-realistic images, real product images,
and sketches. The user starts from an image or a sketch of
an existing product in order to explore new designs. The user
draws a set of strokes via a tablet interface to define a number
of anchor curves, and source and target curve pairs which act
as deformation handles for the editing. Each group of strokes
that define an individual curve, is converted into a single curve
with the help of a point ordering algorithm. The source and an-
chor curves are aligned with the underlying features using ac-
tive contours, while the target curves are converted into piece-
wise clothoid curves. The input image is then deformed using
a smooth deformation field that is calculated from the source
and target curve pairs. As the target curves are designed to be
visually pleasing, the deformed features in the final image also
carry similar properties.

2. Contributions

The proposed work makes specific contributions in utilizing
sketch-based interaction in rapid product form exploration, and
in technical methods that enable this exploration. The first con-
tribution of the proposed method is that it provides a means to
utilize intuitive sketching input in exploring visually pleasing
design forms from images and sketches of existing products.
This, in return, allows the user to still benefit from the intuitive
and natural way of externalizing shape ideas using the sketch
input. Moreover, the user focuses on the resulting product form
directly, instead of obtrusively paying attention to the visual
quality and accuracy of each drawn stroke.

The second contribution is that the proposed method enables
the conversion of overlapping strokes to be seamlessly con-
verted into piecewise clothoid curves. This allows the user
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Figure 1: The overview of the proposed method. The user inputs an image of an existing product in order to explore new designs. The user then inputs a set of strokes
via a tablet interface to define a number of source curves and corresponding target curves which act as image controllers. These input strokes are preprocessed
into desirable computational forms through a series of operations. The input image is then deformed into the final design using a smooth deformation field that is
calculated form the source and target curve pairs.

to work on the design using the natural sketch input without
putting emphasis on the accuracy of the strokes. The last con-
tribution is that the proposed method produces images that con-
tain visually pleasing features and shapes as it grabs the initial
features in the image and deforms them into piecewise clothoid
curves with a smooth deformation field.

3. Related Work

3.1. Image Editing
The main focus in image editing have been in cut-and-paste

type operations and image enhancing. Elder et al. [2] presented
a contour based image editing technique where modifications
are applied directly in the image contour domain. These modifi-
cations are then transferred to the final image using edge based
image reconstruction [3]. This approach enables robust cut-
and-paste type operations. Saund et al. [4] have introduced a
perceptually-supported editing tool where they combine a va-
riety of previously studied image editing methods [5, 6] de-
ployed in an interactive environment. In an earlier work [6],
the authors studied decomposing simple images into geometric
primitive based shapes for enabling simple shape based edit-
ing. In 2002, Seitz et al. [7] introduced a set of image edit-
ing techniques which enable a sequence of images to be mod-
ified through operations applied to one of the images in the
sequence. Their method makes use of the plenoptic function
through which the modifications are propagated in a physically-
consistent way. Perez et al. [8] presented a set of image edit-
ing operations based on second order discrete Poisson equa-
tions in image domain. Their approach enables seamless region
mapping between images and modification of original illumina-
tion, color and texture in arbitrary regions of a given image, our
method focuses on nonlinear warping of a single image through
user defined strokes.

3.2. Curve-Based Image Deformation
Closely related to our work, Lee et al. [9] proposed an im-

age morphing method that provides an easy-to-use means to

specify, deform and morph features. They similarly utilize ac-
tive contours to accurately grab features and a multilevel free-
form deformation algorithm to deform those features. Like-
wise, Fang et al. [10] developed a curve-based image deforma-
tion tool mainly focused on texture regeneration on distorted
regions. Shungang et al. [11] used cubic splines and Moving
Least Squares for image deformation using curves as handles.
In this work, however, we attempt to extend curve-based image
deformation methods by combining with sketch-based curve
design in order to utilize in rapid product form design.

3.3. Piecewise Clothoid Fitting

Different approaches have been proposed for fitting clothoid
curves into a set of organized and unorganized points [12, 13,
14, 15, 16]. Pal and Nutbourne [12], Schechter [13] a year later,
proposed methods that fit piecewise clothoids given two end
points with specified positions, tangents and curvatures. Stoer
[14] developed a numerical algorithm to fit single and piecewise
clothoids to points. Meek and Walton [15] described the algo-
rithms that match curvatures and tangents of multiple clothoids
at their attached ends. Davis [16] described a rapidly conver-
gent total least-squares algorithm. For a broader collection of
clothoid fitting methods [17] can be referred.

Related to our sketch-based piecewise clothoid fitting ap-
proach is the work by Harada and Yoshimoto [18]. They ap-
plied b-spline fitting methods on point sets and then converted
them into piecewise monotonic curvature curves. McCrae and
Singh [19], developed a sketching interface that converts indi-
vidual strokes into piecewise clothoids for road design. They
based their approach on a curvature analysis followed by a seg-
mentation algorithm. Similarly, Baran et al. [20] introduced
a graph based method that identifies an optimum path of lo-
cal fits that results in a piecewise curve composed of lines, arcs
and clothoids. Although these approaches are successful in pro-
cessing individual strokes, they do not readily support curve fits
from a group of overlapping strokes.
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3.4. Differences from Existing Work

Our approach differs from the above works in a number
of ways. Our main goal is to enable rapid sketch-based ex-
ploration of new product forms from existing product images
and sketches. Specifically, we attempt to utilize conventional
sketching in design of fair curves, and use these curves to con-
trol image deformations that result in visually pleasing shapes.
As a result, our approach attempts to enable rapid shape explo-
ration using the convenient sketch input from largely available
images and sketches of existing products.

4. Overview and User Interaction

Figure 1 illustrates the details of our system. The input to
our system is an image and a set of user-drawn strokes which
define deformation handle curves. The users may draw strokes
to define curves in three categories:

Anchor Curves: (Orange color) These curves indicate re-
gions of the image that the yser wants to preserve unchanged.
Any deformation ceases at these curves.

Source Curves: (Blue color) These curves demarcate fea-
tures in the image that will undergo user-specified deforma-
tions. Input source curves are first modified under local image
gradients that precisely align them with the salient image fea-
tures.

Target Curves: (Green color) For each curve stroke, a tar-
get curve indicates the new desired shape. Each target curves
is automatically beautified into a piecewise clothoid curve us-
ing curvature estimation, segmentation, and curve fitting to the
original strokes.

Once processed, stroke groups in each category are internally
represented as curves of the same category. Given the anchor,
source, and target curves, a smooth vector deformation field is
calculated on the image. The computed deformation field is
then applied to the image, resulting in the modified image. The
key property of the deformation is that the image attains the pre-
cise shape dictated by the target curves, while the remainder of
the image undergoes a locally smooth deformation. The users
repeat this process as many times as necessary, which results in
the final form of the design.

5. Preprocessing the Input

The input to our system is a set of user-drawn strokes that
define curves in three categories: (1) source curves, (2) target
curves, (3) anchor curves. During sketching, the users typically
draw groups of overlapping strokes each of which is intended
to represent a single curve (Fig. 2.a). From this input, our ap-
proach seeks to produce curves that satisfy the following three
requirements. First, each stroke group must be converted into
an individual curve that closely approximates the strokes in the
group, regardless of its category. Second, the calculated source
curves must be accurately aligned with the salient feature edges
in the image. This guarantees that the features in the image will
properly deform into the shapes of the target curves. Third, the

calculated target curves must be beautified into visually pleas-
ing curves so as to eliminate the artifacts that may arise from a
literal interpretation of the raw strokes.

5.1. Multiple Stroke Analysis

In the first step of preprocessing, our approach first analyzes
each stroke group and converts it into a single curve. To be able
to utilize existing curve fitting methods, it is necessary to deter-
mine an estimated direction and length of the curve. Note that
incoming strokes can be drawn in arbitrary directions and order.
Hence, a global analysis of the sampled points that comprise the
constituent strokes is necessary to identify a natural spatial or-
der for the sampled points, and hence the strokes. Both cases,
however, require that the sampled points comprising the input
strokes are pre-processed to identify a natural spatial ordering
and a chord length parameterization of the points. As demon-
strated later, this ordering facilitates an energy-based feature
edge identification as well as curve synthesis from a curvature
profile. Our approach uses a spectral point ordering method and
a moving circle analysis to support curve fitting calculations on
both the source and the target curves. This analysis produces
an accurate estimate of the chord length parametrization (thus
an approximate curve length) as well as a noise free estimate of
the curvature along the curve.

b) c) d)a)

Figure 2: (a) A curve consisting of multiple strokes are analyzed to identify
a (b) natural ordering of the points that make up the original strokes. (c) The
identified ordering facilitates fitting of a piecewise clothoid curve that closely
approximates the original strokes. (d) The curvature profile of the final curve
is locally linear except at the transitions between the neighboring clothoid seg-
ments.

We start by collecting the points sampled along each stroke
into a point set. We utilize the spectral point ordering method
proposed by Orbay and Kara [21] to calculate an initial ordering
of the points. Once this ordering is calculated we next estimate
the chord length parametrization and the curvature profile sug-
gested by the ordered points. To do so, we use a moving circle
approach which simultaneously calculates local estimates of the
chord length parameter and the curvature. As shown in Fig. 3,
a least-squares circle is fit to the points located inside a sliding
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window. Using the vectors formed by the circle center and each
of the sampled points, the points are ordered within the win-
dow and assigned a chord-length parameter. For each sliding
window, we use the weights of a Hamming window as the con-
fidence values of the chord length, and the curvature (i.e. 1/R).
The weights of the Hamming window is calculated as follows:

w(s) = 0.54 − 0.46 cos
(
2π

sN + 1
N − 1

)
(1)

where s = [0, 1] is the normalized chord length within the win-
dow, and N is the number of points in the window. The closer
the points are to the middle of the sliding window the higher
confidence value they attain. The final estimates are calculated
over the aggregate local estimates and their associated aggre-
gate confidence values. An example chord length and curva-
ture estimate for the stroke group shown in Fig. 2.a is shown in
Fig. 4.

R

1

0
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w(s)

s
0 1

Figure 3: The curvature and chord length parameters are estimated simultane-
ously using a sliding window over the initially ordered points using a spectral
analysis. (a) A circle is fit within each window and the radius of the circle and
the chord length on the circle circumference is computed. (b) The Hamming
window function used in the calculation of the point weights.

5.2. Source Curves: Alignment on to Feature Edges
In this step, we extract and align the source curves on to the

underlying features of the image. Before we begin this process,
we first define a polyline using the chord length estimation that
we calculated in the previous step. Before we align the polyline
on to the feature, we smooth the curve to eliminate the jagged-
ness of the initial configuration (Fig. 2.b).

We use active contours [22] to gradually pull the source
curves on to the underlying features of the image. For this, an
edge map is extracted from the image using Canny Edge De-
tection [23], and the points comprising the polyline are pulled
toward the identified edges. The process is initialized by an-
choring the end points of the source curve to the nearest stable
points on the edge map, and using the regular active contours
formulation to achieve a smooth curve that is aligned with the
underlying feature.

5.3. Target Curves: Piecewise Clothoid Fitting
To achieve the desired visual properties on the deformed

images, we make use of previously identified aesthetic curve
forms to beautify the target curves. Recent studies [24, 25, 26]
have demonstrated that curves with piecewise linear logarith-
mic curvature histograms (LCH) exhibit visual appeal. In our

approach, we use one of many possible such curves, namely the
piecewise clothoid curves with piecewise linear curvature pro-
files. In this step, we beautify the target strokes into piecewise
clothoid curves through a series of operations. We first begin by
identifying a segmentation of the curve aided by the previously
calculated curvature and chord length estimation. We then use a
numerical fitting algorithm that minimizes the spatial error be-
tween the original points and the piecewise clothoid curve by
controlling the curvature values at the segmentation points.

5.3.1. Curvature Segmentation
Clothoid curves, as their curvature profiles are restricted to be

linearly changing, can represent only a limited range of shapes.
They have at most one inflection point and a constant rate of
change of the curvature with respect to the chord length. As a
consequence, for a proper representation of a curve exhibiting
rather complicated curvature profiles with clothoids, it is of ut-
most importance to decide where to break the curve and what
number of segments to use. This decision directly dictates the
trade off between the overall smoothness of the curve and the
approximation accuracy of the points. On one extreme, using
only one clothoid curve is globally smooth yet not able to rep-
resent complicated curves. On the other extreme, having a large
number of clothoid segments results in rapidly changing trend
in the curvature profiles thus leading to visually less pleasing
results. To be able to control this trade off with a user defined
parameter, we adopted the curvature segmentation method pro-
posed by McCrae and Singh [19].

A matrix of costs of the optimal segmentations between any
given two points is calculated in a bottom-up fashion using the
following cost function as defined in the original work [19]:

M(a, b) = min
a<k<b
{M(a, k) + M(k, b), E f it(a, b) + Ecost} (2)

where M(a, b) represents the minimal fit error of the associated
configuration of line segments between points a and b. The
fitting error is simply as the sum of absolute errors as

E f it(a, b) =

b∑
i=a

‖κ f it(ui) − κi‖ (3)

where ui, κi and κ f it(ui) are the estimated chord length, esti-
mated curvature, and the fit curvature at point i, respectively.
Ecost is the cost per line segment in the curvature space and in-
directly controls the total number of segments in the minimal
fit case. This parameter is of paramount importance since the
number of segments dictate the quality of the approximation to
the input strokes. We will have detailed discussions on how this
parameter controls the compromise between the fidelity of the
approximation and the resulting level of global smoothness.

5.3.2. Piecewise Clothoid Fitting
The result of the previous curvatures segmentation step is a

list of curvatures (κi) and associated chord length values (ui)
which represent the breaking points of a linearly piecewise cur-
vature profile. In this section we describe and derive a numeri-
cal fitting method that works specifically from a previously cal-
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Figure 4: The final segmentation in the curvature space of strokes given in
Fig. 2.a. The resulting number of clothoid segments is controlled by a single
parameter (Ecost in Eqn. 2).

culated segmentation in the curvature space1. Mathematically,
the curvature profile can be defined using piecewise linear in-
terpolation functions as:

κ(ui) =

Nκ∑
n=1

κnΦn(ui) (4)

where

Φn(ui) =


u − ui−1

ui − ui−1
if u ∈ [ui−1, ui]

ui−1 − u
ui+1 − ui

if u ∈ [ui, ui+1]

0 elsewhere

(5)

Using this curvature function, we first write the angle in terms
of the chord length as a summation:

θ(ui) =

i∑
m=1

κ(um)∆um (6)

where θ(0) = 0, ∆um = um − um−1 and ∆u1 = 0. Similarly,
we write the spatial coordinates of the associated points on the
curve as a summation:

x(ui) =

i∑
m=1

cos(θ(um))∆um (7)

y(ui) =

i∑
m=1

sin(θ(um))∆um (8)

where x(ui) = y(ui) = 0.
Given a set of points (xp, yp) and a piecewise clothoid curve,

we define a spatial error function to be minimized. For a reli-
able error definition, we first align the original points and the
piecewise clothoid curve. To do so, we translate both the curve
and the points such that their centroids are located at the ori-
gin. We then calculate a transformation that aligns the original
points on to the associated points on the curve as dictated by the
chord length parameter.

[xc yc] = [T ][xp yp] (9)

1Please see the Appendix for more details on the clothoids.

This transformation includes not only the necessary amount of
rotation for alignment, but also the scaling and shearing effects.
For the alignment, however, we only use the rotation part using
polar decomposition [27] as:

[T ] = [R][S ] (10)

We then transform the original points using the decomposed
rotation part of the initially calculated transformation:

[x̄p ȳp] = [T ][xp yp] (11)

Here, we define the error as:

E =

N∑
i=1

(x̄i
p − xi

c)2 + (ȳi
p − yi

c)2 (12)

Minimizing E can be achieved by minimizing a residual vector
defined as:

{R} =

{
x̄p − xc

ȳp − yc

}
(13)

Since the spatial coordinates of the clothoid curve is a nonlin-
ear function of the curvature, minimizing R requires an iterative
solution. For this, we use the following Newton-Raphson itera-
tion:

{κi+1} = {κi} −

[
∂{R}
∂{κ}

]−1

i
{Ri} (14)

The Jacobian
[
∂{R}
∂{κ}

]
can be derived using Equations 7 and 8 as:

∂{R}
∂{κ}

= −

[
Jx

Jy

]
(15)

where

Jx
i, j =

∂xi

∂κ j
= −

i∑
m=1

sin (θ(um))
θ(um)
∂κ j

(16)

Jy
i, j =

∂yi

∂κ j
=

i∑
m=1

cos (θ(um))
θ(um)
∂κ j

(17)

and from Equation 4 and 6

θ(um)
∂κ j

=

m∑
k=1

φ j(uk)∆uk (18)

We use the curvature values calculated at the curvature seg-
mentation step as the initial values for the minimization. At
each iteration of Eqn. 14, we calculate a different transforma-
tion as defined in Eqn. 11. Since the coefficients of the curva-
ture values are functions of the estimated chord length parame-
ter, the Jacobians can be calculated with matrix operations.

The described minimization yields the piecewise clothoid
curve that has the same segmentation as calculated in the pre-
vious step and it minimizes the spatial error between the orig-
inal points and the curve. However, as discussed earlier, the
amount of the minimized error is directly dictated by the curva-
ture segmentation. Figure 5 demonstrates the trade off between
accuracy (i.e. the spatial error) and overall smoothness of the
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curve. For the set of strokes shown (Fig. 5.a), using a high
number of segments can cause undesirable fluctuations in the
curvature profile (Fig. 5.b), whereas using very few segments
can severely affect the approximation accuracy (Fig. 5.f,g). We
leave the control over this trade off to the user and let them
manually control the cost parameter that dictates the resulting
curvature segmentation.

(a)

(b)

(c)

(d)

(e)

(f )

(g)
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Figure 5: (a) The curvature space (i.e. the estimated chord length vs. curvature)
of the initial point set is used to compare the effect of the number of piecewise
clothoid segments. This number is directly controlled by the cost parameter,
Ecost. As the cost parameter increases from (b) to (g), the number of segments
thus the approximation accuracy increases. However, the visual appeal of the
fits with higher number of segments becomes debatable as the fit approaches to
the strokes which are originally overtraced and noisy. (g) On the other hand,
the low number of segments result in weak approximations to the strokes. The
compromise between the approximation accuracy and the visual appeal is to be
decided by the user.

6. Curve-Based Image Deformation

The input to the image deformation step is a set of prepro-
cessed source and target curves, and the set of anchor curves.

This step calculates a smooth spatial deformation that trans-
forms each source curve into the corresponding target curve,
while preserving the anchor curves. For this purpose, we use an
isotropic vector diffusion method to spatially diffuse the defor-
mation vectors between the source and target curve pairs.

Although there are arbitrarily many vector fields that can pro-
duce the desired deformation, in this work we use a formulation
similar to the gradient vector flow field (GVF) method [28].
This approach suitably diffuses the initial deformation vectors
computed between each source-target curve pair, thus produc-
ing deformations that vary smoothly through the image space.

The GVF is defined as the continuous 2D vector field
~V(x, y) = [u(x, y), v(x, y)] that minimizes the following energy
functional [28]:

ε =
x

(µ(u2
x + u2

y + v2
x + v2

y)︸                   ︷︷                   ︸
Smoothness

+ ‖O f ‖2‖~V − O f ‖2︸               ︷︷               ︸
Pointing objects

)dxdy
(19)

where f (x, y) is a 2D scalar field (e.g. black and white scanned
medical images in the original work), O is the gradient operator
in Cartesian coordinates, ~u(x, y) and ~v(x, y) are the x and y com-
ponents of the vector field at point (x, y) while the subscripts
denote partial derivatives. µ is the coefficient which controls
the amount of diffusion. In this energy functional, the first term
forces the local smoothness of the calculated vector field while
the second term forces ~V(x, y) to converge to the original de-
formation vector in regions of high deformation. The vector
field ~V(x, y) minimizing this energy functional can be calcu-
lated using calculus of variation by solving the following two
decoupled Euler equations:

µO2u − (u − fx)( f 2
x + f 2

y ) = 0

µO2v − (v − fy)( f 2
x + f 2

y ) = 0
(20)

where the Laplacian operator is defined as:

O2u(x, y) =
∂2u
∂x2 +

∂2u
∂y2 (21)

The two discretized equations can be solved independently to
produce the vector field components u and v separately. In this
application, the discretization of the domain naturally comes
from the pixelated image. In our implementation, we use the
deformation vectors drawn between source and target curves to
instantiate the fx and fy values in Eqn. 20. An iterative multi-
grid solver that enables an efficient computation of the solution
to the differential equations yields the resulting vector field.
We note, however, that any conventional differential equation
solver can be similarly adopted.

The boundary conditions to the above set of equations arise
from the anchor curves (zero deformation), and the deforma-
tion vectors from each source curve to the corresponding target
curves. These vectors are preserved throughout the computa-
tion. The remainder of the vector field is computed using the
above two equations.
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Figure 6: Calculation of a spatial transformation field from the source and tar-
get curves. (a) The displacement vectors from the source curves (blue) to the
target curves (red) are diffused to achieve a smooth deformation field. (b) The
calculated spatial deformation field of displacements in the x direction. (c) The
final image deformed by the calculated deformation field.

Prior to initializing the boundary conditions, we resample the
target and source curves to have the same number of points
along their paths. The sampling density is chosen such that
the distance between adjacent sample points is always less than
the pixel length. This ensures all pixels along the curves to at-
tain a unique deformation vector. Moreover, a simple direction
check is performed to map each end of the source curve to the
intended end of the target curve, thereby eliminating sensitivity
to drawing directions.

A problem arises if the computed deformation field is applied
directly to the original image, as the deformation vectors do not
guarantee a complete mapping from the original image to the
yet-to-be computed deformed image (Fig. 6.c). To overcome
this difficulty, we utilize deformation vectors that originate from
the target curves and point toward the source curves. The sub-
sequent diffusion is then applied in this new configuration. This
allows, for every pixel in the deformed image to point to a real-
valued location in the original image (through the deformation
vector) and attain a value as an interpolation from the original
image. To avoid aliasing effects, we use a bicubic spline inter-
polation. Figure 6 shows intermediate steps of deformation for
two examples.

Another important property of the resulting deformation field
is that, its gradient is discontinuous around the target curves.
Figure 8 shows a 3D plot of the deformation field calculated for
the example in Fig. 6 to illustrate this property. This rapidly
changing gradient necessitates that the source curves to be ac-
curately aligned with the features on the image to avoid unde-

sirable smudging around the features.

Figure 8: The deformation field is sharp around the curves with large gradients
on the displacement values. In order to preserve the feature edges in the input
image, it is crucial to have the source curves to be closely aligned with the
underlying edges.

Figures 6 and 10 assess the nature of the deformations over
circular and rectangular patterns. As shown, when circular pat-
terns are forced into rectangular shapes, the internal and ex-
ternal regions are smoothly deformed yet they cannot preserve
their perfect circular structures. Similarly, when rectangular
patterns are forced into circular shapes, although the deformed
features shape into the target curves, the neighboring rectangles
neither form circles nor stay as rectangles. To selectively pre-
serve such patterns, the users can use anchor curves to limit the
effective area of the deformation as shown in Fig. 9.

(c) (d)

(a) (b)

Figure 9: The anchor curves serve as limiters on propagation of the deformation
field. The user controls the region that the deformation can affect by trapping it
region with anchor curves.

Figure 10 further illustrates the effects of the deformation on
the final curvature profiles. The checkers contained in a square
are deformed such that the top edge is converted into a single
clothoid. As shown, the horizontal lines which were previously
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(a) (b) (c) (d) (e)

Figure 7: Checker board patters are deformed from rectilinear to circular and from circular to rectilinear patterns. (a) The original patterns undergo (b-d) multiple
steps of deformations to yield the (e) final patterns. Note that the internal and external patterns show smooth shapes as the deformation field itself is smooth.

straight, attain similar curvature profiles as the final shape of
the top edge. However, the curvatures deviate form a clothoid
profile in the vicinity of the vertical edges at the left and right.

(a) (b)

Figure 10: The effect of the deformation on the curvature profiles. (a) The
originally flat lines are deformed into (b) still smooth but not clothoid curves.

7. Implementation and Examples

The proposed method is implemented in MATLAB. The user
sketches the input curves on the original image. We are using
a multigrid solver for the deformation field calculation. For a
typical image of size 1024 × 768, the computation of the de-
formation field and its subsequent application to produce the
deformed image takes on the order of 10 seconds on a dual core
2.5 GHz laptop with 3 GB of memory. However, especially
when deformations are large, it might be desirable to apply the
deformation in successive smaller steps, which will proportion-
ally increase the processing time. In all of our examples we
applied the deformations in 8 steps.

In Figure 11, intended modifications are sketched in the form
of anchor, source and target curves. The resulting deformation
is shown in Figure 11(c). Note that the deformations cease
at the regions marked by the anchor curves. However, there
are discrepancies between the target strokes and their beauti-
fied versions. These large discrepancies are the result of fitting
single clothoids on the target curves, i.e. each target curve is a
single clothoid. Figures 12 and Fig. 14 present similar modi-
fications for a mug and a sofa, respectively. As described, all
target curves are beautified into piecewise clothoid curves. We
adjusted the number of segments manually to have a desired
level of curve complexity that leads to visually pleasing forms.
For instance, in Figure 14, we purposefully fit single clothoids
to the target strokes to get the least amount of curvature fluctu-
ations (Figure 14(c)).

Our method is also applicable to hand-drawn sketches. Fig-
ure 13 shows edits on a manga character. Figure A.15 illus-
trates a series of progressive edits on a car concept sketch.
The sketch is first modified through a set of user drawn curves
that define the modifications and constraints on the image
(Figure A.15(b)). The result of these modifications (Figure
A.15(c)) have gone through a second set of modifications (Fig-
ure A.15(d)), resulting in the final image (Figure A.15(e)).

Although our system handles a wide variety of images and
sketches, exceptions exist. The approach is not designed to
properly handle images with apparent texture elements, thus
may cause texture distortions at undesirable magnitudes. A
remedy would be combining it with texture analysis and syn-
thesis methods as it has been proposed in [10]. However, for
shape exploration in product design this shortcoming has lim-
ited effect.

Likewise, for local modifications the user is required to limit
the deformation using anchor curves. This process can be fa-
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(a) (b) (c) (d)

Figure 11: (a) A car design. (b) The source, target and anchor strokes drawn by the user are given by blue, red, and orange colors, respectively. (c) The source
curves are aligned with features, and their corresponding target curves are beautified into clothoid curves. These curves define the intended modifications resulting
in (d) the final design.

(a) (b) (c) (d)

Figure 12: (a) A typical mug design. (b) The source, target and anchor strokes drawn by the user are given by blue, red, and orange colors, respectively. (c) The
source curves are aligned with features, and their corresponding target curves are beautified into clothoid curves. These curves define the intended modifications
resulting in (d) the final design.

(a) (b) (c)

(d)

Figure 13: (a) The sketch of a manga character. (b) The set of curves that
define the intended modifications. (c) The resulting modification. (d) The close
up view of the source and target curve pairs. The colors blue, and red denote,
the source curves, and the beautified target curves, respectively.

cilitated by a prior segmentation of the image into patches (e.g.
the mug and its handle in Fig. 12). The patch under deformation
would then be limited within itself not affecting the neighbor-
ing patches. Another extension would be an automated process

of separating the actual object from the background for a more
effective handling of the objects shape.

8. Conclusion

We present a sketch-based image deformation technique for
exploration of visually pleasing product forms from existing
images and sketches. Our method achieves the aesthetic qual-
ities through piecewise clothoid fitting from multiple strokes,
while deforming the image accordingly by a smooth deforma-
tion field. Our current studies indicate that the approach works
effectively for a variety of different images and sketches.

Acknowledgements

All design images and sketches used in the paper are courtesy
of their respective owners.

Appendix A. Clothoids and the Euler Spiral

An Euler spiral is defined as a curve whose signed magnitude
of curvature changes linearly with its chord length. The typical
Euler spider passes through the origin with zero curvature and
approaches to two unique locations on the 2D plane. The curve
can be defined as a differential equation such as:

dθ
ds
∝ s (A.1)
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(c)

(a)

(b)

Figure 14: (a) A sofa design. (b) The source, target and anchor strokes drawn
by the user are given by blue, red, and orange colors, respectively. The source
curves are aligned with features, and their corresponding target curves are beau-
tified into clothoid curves. (c) These curves define the intended modifications
resulting in the final design.

where θ is the angle of the tangent of the curve, and s is the
chord length. With different variables, the same equation can
be written as:

d2 ~C(s)
ds2 =

d ~C(s)
ds

∣∣∣∣∣∣d ~C(s)
ds

∣∣∣∣∣∣
−1

s (A.2)

where ~C(s) is the position vector of the point on curve at chord
length s. Each and every segment of the Euler spiral is defined
to be a clothoid curve, sharing exactly the same properties.

Through integration, it can be shown that the position of any
point on the curve does not have a closed solution. The coordi-
nates can be represented as Fresnel integrals, or as a numerical
approximation, it can be represented with power series expan-
sions or numerical integration methods. In our formulations,
we use a numerical integration scheme which calculates tan-
gents and positions subsequently from finite differences in the
chord length.

Compared to other commonly used parametric curve rep-
resentations, the clothoid curves exhibit various differences.
First of all, unlike polynomial function curves such as splines,
clothoids cannot be controlled locally through a finite set
of control points. Local modifications on the clothoids re-
quires recalculating the governing equations as to produce local
changes. This requirement alongside with the linearly chang-
ing curvature results in a constrained set of shapes that can be

achieved. On the other hand, parametric curves typically re-
quire high number of control points to accurately produce lin-
early changing curvature profiles.
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(a)

(e)

(c)

(b)

(d)

Figure A.15: (a) The original car sketch (b) The set of source and target curves
that define the first set of intended modification (c) The intermediate result (d)
The set of source and target curves that define the second set of intended mod-
ifications (e) The final result. The colors blue, green, and orange denote, the
source, the beautified target, and the anchor curves, respectively.
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